The shifted Tietz-Wei (sTW) oscillator is as good as traditional Morse potential in simulating the atomic interaction in diatomic molecules. By using the Pekeris-type approximation to deal with the centrifugal term, we obtain the bound-state solutions of the radial Schrödinger equation with this typical molecular model via the exact quantization rule (EQR). The energy spectrum for a set of diatomic molecules (
Introduction
By employing the dissociation energy and the equilibrium bond length for a diatomic molecule as explicit parameters, Jia et al [1] generated improved expressions for some wellknown potentials including Rosen-Morse, Manning-Rosen, Tietz and Frost-Musulin potential energy functions. These authors found that the well-known Tietz potential function is conventionally defined in terms of five parameters but it actually has only four independent parameters. Furthermore, the Wei [2] and Tietz potential functions [3] are exactly same solvable empirical functions.
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Wang et al [4] also generated improved expressions for two versions of the Schiöberg potential energy function which are the Rosen-Morse and Manning-Rosen potential functions.
By choosing the experimental values of the dissociation energy, equilibrium bond length and equilibrium harmonic vibrational frequency as inputs, the authors obtained the average deviations of the energies calculated with the potential model from the experimental data for five diatomic molecules, and find that no one of six three-parameter empirical potential energy functions is superior to the other potentials in fitting experimental data for all molecules examined.
All these efforts were made in an attempt to find a most suitable molecular potential in its description of diatomic molecules. Following Refs. [1, 4] , we suggest sTW as a modification for the TW [2] [3] [4] [5] [6] [7] [8] . This potential can be written as (1 − c h e −b h (r−re) )
where b h = β(1 − c h ), r e is the molecular bond length, β is the Morse constant, V e is the potential well depth and c h is an optimization parameter obtained from ab initio or Rydberg-Klein-Rees (RKR) intramolecular potentials. r is the internuclear distance. When the potential constant approaches zero, i.e. c h → 0, the sTW potential reduces to the Morse potential [9] . This potential is just the TW potential shifted by dissociation energy D e . The shape of this potential is shown in figure 1a for different molecules.
Figure 1b compare between TW diatomic molecular potential, sTW diatomic molecular potential and the Morse potential using the parameters set for
As it can be seen from this plot, the shifted Tietz-Wei and the Morse potentials are very close to each other for large values of r in the regions r ≈ r e and r > r e , but they are very different at r ≈ 0. This implies that the shifted Tietz-Wei potential is as good as traditional Morse potential and better than the Tietz-Wei potential in stimulating the atomic interaction for diatomic molecules.
The scheme of our presentation is as follows. In the next section we give basic ingredient of exact quantization rule and all necessary formulas for our calculations. We solve the radial Schrödinger equation for the sTW and also obtain the rotational-vibrational energy spectrum for some diatomic molecules in section 3. Finally, results and conclusions are presented in section 4. 
A Brief Review of the Exact Quantization Rule
Here we give a brief review on the EQR. The details can be found in refs. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In 2005, Ma and Xu [12, 13] by carefully studying one-dimensional Schrödinger equation, have extended results to three-dimensional case by simply making the replacements x → r and
where r A and r B are two turning points determined by E = V ef f (r). The N = n + 1 is the number of the nodes of φ(r) in the region E nℓ = V ef f (r) and is larger by one than the number n of the nodes of wave function ψ(r). The first term Nπ is the contribution from the nodes of the logarithmic derivative of wave function, and the second is called the quantum correction.
In this approach, the energy spectrum equation is obtained by solving the two integrals involved in equation (2) . This quantization rule has been used in many physical systems to obtain the exact solutions of many exactly solvable quantum systems [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . EQR is a very important foundation to proper quantization rule (PQR) [25] .
The Energy Spectrum
To study any quantum physical model characterized by the diatomic molecular potential given by equation (1), we need to solve the following Schrödinger equation for spherically symmetric potential in any arbitrary dimensional space:
Now, by defining the wavefunction
as the sTW diatomic molecular potential, the radial part of equation (3) can be found as
where n, ℓ and E nℓ denote the principal quantum numbers, orbital angular momentum numbers and the bound state energy eigenvalues of the system under consideration (i.e., Hamzavi et al [6] found that the following formula is a good approximation scheme to deal with the centrifugal barrier:
with
Constant α = b h r e has been introduced for mathematical simplicity. Now, by inserting this approximation into equation (4) , we obtain the following second order differential equation:
If we defineς = 1 e αζ −c h , then we can obtain the two turning pointsς a andς b as well as their sum and product properties by solving V ef f (ζ) − E nℓ = 0 or V ef f (ς) − E nℓ = 0 as:
Now, we can write the non-linear Riccati equation for the ground state is as
Since the logarithmic derivative φ 0 (ς) for the ground state has one zero and no pole, it has to take the linear form inς. Thus, we assume the following solution for the ground states
By putting equation (10) into (9) .
Since we now have all basic ingredient required to perform our calculations, thus, we proceed to calculating integrals (2)
where we have used the following standard integral
Furthermore, we can find the integral at the right hand side as
Using the results in equations (14) and (13) with equation (2), we can find the energy energy eigenvalues equation for the sTW diatomic molecular potential as
In three-dimensions (D = 3), it can be reduced to the form
The Eigenfunctions
For the sake of completeness, we study the corresponding wavefunctions for this potential.
For this purpose we introduce a new transformation of the form t = e −b h (r−re) ∈ (e α , 0) in equation (7), which maintained the finiteness of the transformed wave functions on the boundary conditions. Thus, we can find
Following the procedure described in ref. [26] , we can write the solution U nℓ (t) in terms of hypergeometric polynomials and thus, the wave function takes the form
where N nℓ is the normalization constant. For a further detail on the calculation of similar potential models solved using formula method, one is advised to refer to other work [26] 5
Results and Conclusions
In this study, in an attempt to find a more suitable potential that stimulate the atomic interaction in diatomic molecules, we suggested sTW diatomic molecular potential as a Table 2 : The bound states energy eigenvalues (D = 2 and 3) for set of diatomic molecules for various n and rotational ℓ quantum numbers in sDF diatomic molecular potential. Table 3 : The bound states energy eigenvalues D = 4 and 5) for set of diatomic molecules for various n and rotational ℓ quantum numbers in sDF diatomic molecular potential. Further, using the spectroscopic parameters presented in table 1 which are taken from ref. [8] , we computed rotational-vibrational energy spectrum of some diatomic molecules 0,1 . This is the same transformational invariance described for bound states of free atoms and molecules [27, 28, 29] and demonstrates the existence of interdimensional degeneracies among states of the confined Hulthén potential.
The advantage of the approach employed in this study is that it gives the eigenvalues through the calculation of two integral given by equation (2) and solving the resulting algebraic equation. Firstly, we can easily obtain the quantum correction by only considering the solution of the ground state of the quantum system since it is independent of the number of nodes of the wave function for exactly solvable quantum system. The general expressions obtained for the energy eigenvalues and wave functions can be easily reduced to the 3D space (D = 3) and for s-wave (i.e. ℓ = 0 state). The EQR produce as good results as the PQR, however the procedure followed using PQR is more shorter and quick.
